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n'ix.a )" ' " t "
f i x , =/.mx#ani+z
n,

" " ' - a t h
Atnl X L a t f t Unc-N

0 a i n t X E b , '

"¥iIi÷⇒
Html, = fablfnitsldt = n . f . I ' =/ ,

V.n t h ,
Hfnllx = n

Thus, w e can ' t find a constant c - o , such that

c -'HAI, E HA I - E CHAI , . V. f- E X .
I I . l l s a n d 11.11, a r e not equivalent.

I i i l X i s not Banach space. WLOG, w e assume fab@-10,1@
0 0 E x E I

f i x , = {nix-'
II,

I e x 2-I t ' t
, A l o ,

I , I t n L x E IT n t N .

-41*1) ,
ETC X E lii÷±÷÷. ÷

Itn-fall, = I t . Int-nil → o ,
a s n . m x .

Hnl i s a Cauchy sequence i n ( X . Hi l l , )
Solution 2 1 / 5



/
I L X E ¥l e t fixit:*,'. I I I ,

then Hh-H I , = I n → o a s n o .

However, f-A X and thus I X . 11'll,) i s not a
Banach space.

I i i i l l e t f t X ,
LITHI, = mff.gg/Tfnnl=nfffax,,,lti'titidtlt/aHittdt=HHl,
Thus, 11711 E l

.

On the other hand, Take 1=1 o n > a .b @ ,
HH, = fab I d t = b -a

Htfol la = mfffas, fifoitidt = b-a = Hfll,
⇒ H t t 3 1 .
Therefore, 11-111=1.

( iv) HTHI, = fabltifitidtldox
E flfittitldtdx
= fabI f Htildxdt
E lb.at/abHtYdt=lb-a)HfH,

Thus, LITHE b-a
le t 1 , a c x e a t that

film =
(Elka)-
2,

a t#Lx z a-12k¥

° ,

atxbne.xebfa.IE#IIiEI
,

1)fall, = b i t fine = 231¥
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Tfnlx)= {4k¥92'
¥>*

eaten,j,
" × t a t the
a t ' ¥ x E a t 21k¥

312¥) at"n¥ x E b

Htfll, = fall fitftidtldex
= fam'Tftp.ndtld-
xtfaa.IE#ttitfhtidtld-xt/
atbaibj1lfiTfht'd-4dax

= . otta" t 'Ent' t 2¥"'-Inta

= 32%4. ( b a ) > I t I n i t a t - I n @
That i s ,

1117nA, s 11h11, - lb-a) l H Int t a t - F )
Let n → x , w e have

11TH 3 b e e
.

Therefore, 4TH = b - a .

2 . ( i) l e t X i . X , E E such that
71×1=-11×4 i .e x , t F = X , t f ,

Then K , = X a t y for s o m e Y t F .
which implies X i - K t F
since X i , X i E E and E h f = l o l
w e have y = 0 .
Therefore, T i s injective.

Solution 2 3 / 5



For a n y E f X / F , say E = z t F for
some z f X .

• Claim: I x t E , such that T IX) = E . This implies

T i s surjective.
Since X = E t f . W e may w r i t e 2 i n t h e form
s i x t y , with X i - E , Y t F .
Then Z T E = x t y t f = X t F .
Thus, T I X ) = z t F = I . .

• The linear property o f map T i s immediate from
the definition o f the linear operations i n H F , indeed,
w e have
(2 , X,-122×21T F = 2 , I X . t F l t 2 2 1 k tF )

That i s T 12 ,X,-122×21 = 2117×11 t d a T(XD
Claim: T i s bounded.

For any x t E ,
117×11*11511,#= int l H x t u l l , : rotf l

= int 111×11-11141: Vt-Fl
= 11×11

Thus, 111-11=1.
Therefore, T i s bounded linear isomorphism.

Let z f X / F , say E- = z t F for some z f X .

Write z = x t y with X i - E and y t F .
114k¥ int 11121-41:vtfl.int/llxtytvllivtFl-
=innt1llxtvll:vtEl=intlllxlltllVll:VtF/=llXll
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Then 11 I t a l l , = 11×11, = 11211µF,
⇒ 11T"'ll = L

.

Therefore, T " i s bounded.
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